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Nonbaseband Residual Flexibility Method of Component Mode
Synthesis for Proportionally Damped Systems

Jeffrey A. Morgan®*
General Motors Corporation, Warren, Michigan 48090-9060

and

Christophe Pierre’ and Gregory M. Hulbert
University of Michigan, Ann Arbor, Michigan 48109-2125

Several new componentmodesynthesismethods are presented for the dynamicanalysis of proportionallydamped
systems in nonbaseband frequency regions of interest. The first method is based on the Craig-Bampton constraint
modes approach (Craig, R. R., Jr., and Bampton, M. C. C., “Coupling of Substructures for Dynamic Analyses,”
AIAA Journal, Vol. 6,No.7,1968,pp. 1313-1319) but uses a modified dynamic transformationmethod that produces
constraint modes at two frequencies, normally the upper and lower frequency limits of the region of interest. Then, a
second method is presented that is similar to the first but uses a residual flexibility formulation. This second method
is ideally suited for use with test-derived data and becomes the basis for a new nonbaseband experimentally based
method. The procedure for implementing the experimentally based method is then presented. Finally, an analytical
simulation is conducted using error-free data to demonstrate the new methods on a system of two coupled beams.

Nomenclature
B = undamped system matrix
C = damping matrix
c,c = damping parameters in approximate residual functions
ei = modulus of elasticity times bending moment of inertia
e? = squared error
F = force vector
Hpprox = frequency-responsefunction calculated from
component modes synthesis representation
Hieas = measured frequency-responsefunction
1 = identity matrix
K _ =stiffness matrix
k,k,k = stiffness parameters in approximate residual functions
M = mass matrix
m,m = mass parameters in approximate residual functions
n = number of measured frequencies
R = residual matrix
Riype1 = type Iresidual function
RYpen = type Il residual function
TV, TV = transformation matrices
TN = transformation matrix
X = response vector
X; = displacementof node i
r,w = partitioned transformation matrices
A =modal frequencies
pa = mass density times cross-sectional area
T, Q2 = partitioned transformation matrices
P = modal vectors
w = frequency, rad/s
i = lower frequency limit, rad/s
o = upper frequency limit, rad/s
Subscripts
a = active degrees of freedom (DOF)
cb = Craig-Bampton type

Received 12 August 1998; revisionreceived 21 January 1999; accepted for
publication 3 February 1999. Copyright © 1999 by the American Institute
of Aeronautics and Astronautics, Inc. All rights reserved.

*Senior Project Engineer, Synthesis and Analysis Department, General
Motors Powertrain Division, Mail Loc. 480-723-828, 30003 Van Dyke
Avenue.

Professor, Department of Mechanical Engineering and Applied Mechan-
ics, 2204 G.G. Brown. Senior Member AIAA.

¥ Associate Professor, Department of Mechanical Engineering and Ap-
plied Mechanics, 2250 G.G. Brown.

1285

cm = constraintmode type
comp = computational type
l = lower modes
o = omitted DOF
p,q,r = intermediate DOF
rf = residual flexibility type
s = modal DOF
t,v = intermediate DOF
u = upper modes
Superscripts
C = curvature type
F = flexibility type
G, H = auxiliary type
1 = inertance type
l = lower modes
S = slope type
u = upper modes
I. Introduction

OST existing methods of componentmodes synthesis (CMS)

utilize static reduction; thus, they are inherently baseband
methods applicable to frequency regions starting at 0 Hz and end-
ing at a specified upper frequency limit. In many cases, however,
the frequency region of interest may not be a baseband. This paper
presents several new component mode synthesis methods applica-
ble to proportionally damped systems and nonbaseband frequency
regions of interest. Both analytical and experimentally based ver-
sions of the new methods are developed. The analytical versions
are a nonbaseband constraint modes CMS method and a residual
flexibility CMS method. The residual flexibility method is used as
the basis for a new experimentally based method. The concept of
computational modes is used in exactly the same manner as was
done for the previously developed experimentally based baseband
method."*? Computational modes account for the residual effects of
the omitted modes. For the nonbaseband case, two sets of compu-
tational modes are produced, which correspond to upper and lower
computationalmodes. The upper computationmodes are handledin
the same manner as with the baseband method. The lower computa-
tional modes are handled similarly, except that the high-frequency
behavioris preserved instead of the low-frequency behavior. Then,
the matrices corresponding to the nonbaseband residual flexibility
method are transformed to the Craig-Bampton® form using a two-
stage transformation.
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The major contribution of the new methods is that they allow
accurate CMS models to be determined for specific frequency re-
gions of interest, such as those used for noise control in vehicles. In
this regard, they are optimal dynamic models because they require
a minimum number of degrees of freedom (DOF). Both analytical
and test-derived matrices can be determined. This allows the dy-
namic analysis of large systems to be performed using a mixture of
both types of models. The test-derived models can also be directly
compared to analytically derived models for the purpose of finite el-
ement analysis (FEA) model correlation and updating. FEA model
verification is more easily conducted, and the inclusion of damping
into analyticalmodels, as well as insights into the physical damping
mechanisms of actual systems, is facilitated.

This paper is organized as follows. The new nonbaseband con-
straint modes CMS method is presented in Sec. II. Then, the new
nonbasebandresidual flexibility method is presented in Sec. III. In
Sec. IV, the procedure for transforming the residual flexibility ma-
trices to the Craig-Bampton form is shown. Then, the procedure
for implementing the experimentally based method is presented in
Sec. V.In Sec. VI, an analytical simulationis conductedusing error-
free datato demonstratethe new methodson a system of two coupled
beams. Conclusions are drawn in Sec. VIL.

II. Nonbaseband Constraint Modes CMS Method

The new nonbaseband constraint modes CMS method is devel-
oped as follows. Consider a substructure governed by the matrix
equation of motion

MX+CX+KX=F o))

where K, M, and C are the substructure’s global stiffness, mass, and
damping matrices and X and F are the displacement and external
loading vectors, respectively.Itis assumed that the substructurerep-
resentation is proportionally damped so that the vibrational modes
corresponding to Eq. (1) are the normal modes of vibration of the
undamped system. For dynamic analysis in a nonbaseband region,
the matrices in Eq. (1) can be transformed to a reduced set of DOF
while retaining a high degree of accuracy in the frequency region
of interest. The reduced DOF set is selected using the same pro-
cedure as for the Craig-Bampton method® except that constraint
modes are calculated at the upper and lower frequency limits of the
nonbasebandregion instead of at zero frequency. To do this, the dis-
placement DOF are selected as either active or omitted. An active
DOF is one thatis retained directly in the reduced DOF set. An omit-
ted DOF is one that is not retained. Active DOF should include all
displacement DOF where nonzero external loading is present. For
substructure coupling analysis, these are all of the coupling DOF
between substructures and any noncoupling DOF where external
loading is applied. The displacementvector X is then partitioned as

X= [X} 2
= |x, 2)

where the subscripts a and o refer to the active and omitted DOF,
respectively. The matrices K, M, and C and the vector F are par-
titioned likewise. Constraint modes then can be calculated at any
particular frequency using the procedure presented by Shyu et al.*
This is done by considering the undamped equation of motion

B XO _ BOO Baa XO _ 0 3
Xa B [Bga ] T Eaa Xa B Fa ( )
where B = K — w*M is the undamped global system matrix corre-

sponding to Eq. (1). Solving the first matrix equation in Eq. (3) for
X, in terms of X, with v = w,, gives

\Ilaa ((1)1) -
X= I Xy = V(01X “)

where W, (w1) = —[B,o (w1)]™ Boa (@1). ¥ (w; ) is the matrix of con-
straint modes at frequency w;. Because damping is neglected, the
constraint modes are real valued.

For the new nonbaseband method, two sets of constraint modes
are determined. The first setis calculatedat the lower frequency limit

of the nonbaseband region w,. The second set is calculated at the
upper frequency limit of the nonbasebandregion w,. To achieve an
accurate CMS representation, additional reduced DOF are usually
needed. These additional DOF correspond to component normal
modes of the substructure. Component normal modes are deter-
mined by solving the eigenvalue problem obtained from Eq. (1) by
setting F =0 and C =0 with free boundary conditions applied to
the active DOF. Only the modes that occur in the frequency region
of interest are calculated and included as component modes. These
modal vectors are then partitioned with respect to the active and

omitted DOF:
® = q>os (5)
L@
where the subscripts refers to the number of modal vectorsincluded.

The new method’s transformation matrix is then determined from
the two sets of constraint modes and the component modes:

X, U (@) Q. T Xa Xa

0 oa (W] oa os

[x]z[ L 04 O } =TalX| ©
a aa aa as Xj Xj

where X, and X, have the same dimensions, Q. = W,,(w2)
— ¥, (w)) and Y, = D, — W, (0) P,,. The matrix T, is defined
as the nonbaseband constraint modes transformation matrix. The
reduced stiffness, mass, and damping matrices are determined by
transforming the substructure’s global matrices using 7%, which
yields

Ky =[1X]'KTY @)
MY = [1)] MT2 ®)
cy =[rx]"cry ©)

Dynamic analysescan thenbe conducted. The results are determined
using the reduced DOF representationand are transformed back to
the original set using Eq. (6).

The nonbaseband constraint modes CMS method can also be ex-
pressedas amodalexpansion. Thisis done by calculatingthe natural
frequencies and modal vectors corresponding to Egs. (7-9) and by
representing them as a modal expansion. The modes involvedin the
modal expansioninclude the original component modes and an ad-
ditional set of computational modes. The computational modes, in
general, do not correspond to any of the original vibrational modes
of the substructure. They occur outside the frequency region of in-
terest and account for the residual effects of the omitted structural
modes. In this case, 2a computational modes are produced, which
correspond to upper and lower computational modes. The upper
computational modes occur above the frequency region of interest
and account for the residual effects of the high-frequency omitted
modes. The lower computational modes occur below the frequency
region of interest and account for the residual effects of the low-
frequency omitted modes. This observation allows both a nonbase-
band residual flexibility method and a nonbaseband experimentally
based CMS method to be developed, as presented in the following
section.

III. Nonbaseband Residual Flexibility CMS Method

The new nonbaseband residual flexibility method is developed
based on the nonbaseband constraint modes CMS method. The
method utilizes the same selection criteriafor the active and omitted
DOF and for the component modes as for the nonbaseband con-
straint modes CMS method. Additionally, it is assumed that of the
2a computationalmodes, there are a that occur below the frequency
region of interest and a that occur above. This allows the lower and
upper computational modes to be determined independently.

The new nonbasebandresidual flexibility formulation can be de-
veloped as follows. Consider the complete set of modal frequencies
and modal vectors determined by solving the eigenvalue problem
correspondingto Eq. (1). The modal frequencies and modal vectors
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are partitioned with respect to the included modes, omitted low-
frequency modes, and omitted high-frequency modes:

i O O

A=10yg Xy Oy (10)
Oul Ous )"uu
q>al q>os q>ou

d = (1D
q>al q>a5 q>au

where subscript s refers to the number of included modal vectors.
Subscripts / and u refer to the number of omitted low-frequency
and high-frequency modal vectors, respectively. With the modal
vectors scaled to unity modal mass, the residual flexibility matrix
corresponding to the omitted high-frequency modes is

RF = Pon der, of]= Roo  Ru (12)
q>au uu ou au [R:;]T R‘;

Similarly, the residualinertanceof the omitted low-frequencymodes

is
@, R, R,
R — [cbﬂ [®], o&]= {[RI R } (13)

The residual effects of the omitted high-frequency modes are
compensated for by the upper computational modes. These modes
produce primarily stiffness effects in the frequency region of inter-
est. Therefore, the transformation matrix is determined using the
residual flexibility matrix. The low-frequency stiffness behavior for
zero forces on the omitted DOF is

X, Ry Ru|TO
= 14
[Xj [RE]" RE [F} (1
Solving the matrix equationsin Eq. (14) for X, in terms of X,, allows
the low-frequency response vector X to be expressed as

l—‘ll
X= [I”“:|Xa (15)

where ', = RF. [R;] .Equation (15) is the same constraintrela-
tionused in previouslydevelopedbasebandresidual flexibility CMS
methods (see Kammer and Baker® foran overview of these methods;
also see Refs. 6 and 7 for other residual flexibility approaches).

The residual effects of the omitted low-frequencymodes are com-
pensated for by the lower computational modes. The omitted low-
frequency modes produce primarily mass eftects in the frequency
region of interest. Therefore, the transformation matrix is deter-
mined using the residual inertance matrix. The high-frequencymass
behavior for zero forces on the omitted DOF is

X7 -1 R, R0
=— 16
[Xj o [[R1]" Rl [F} (1o
Solving the matrix equationsin Eq. (16) for X, in terms of X,, allows
the high-frequencyresponse vector X to be expressed as

F’
[

—1 . -
where I/ = R! [R! ] . The new nonbasebandresidual flexibility
transformation matrix is then defined as

X,. X,

X, ru F’ D, N

X — =T X, (18)
“ x| [x]

where X, and X, have the same dimensions as X,. The reduced

stiffness, mass, and damping matrices are calculated as shown in
Egs. (7-9) using 7Y, which yields

Iaa aa

Kiop  Oua O
Ki=1 0w Kl Ou (19)

Osa Osa KSS

[M;gmp Oua Oaﬂ
My =1 0Ou Méomp Oas (20)
I_ Oja Oja MSS J
Cgomp Oaa 005
CrAf/ =1 04 Céomp Ogs 21)

Osa Osa Css

IV. Transformation to the Craig-Bampton Form

The newly defined nonbaseband residual flexibility method pro-
ducesreduced matrices thatare notin a convenientform because the
active DOF are notretained in the reduced DOF set. To remedy this,
the same two-stage transformation procedure developed in Ref. 1
is used. The resulting matrices will then have the same form as the
Craig-Bampton method but are valid for the nonbaseband regions.
The first transformationis from the reduced DOF in Eq. (18) using

Xr Iaa _Iaa _q>as Xa Xa
X, | =10a I Qs X, |=TV|X, 22)
XS Oas Oas ISS Xj Xj
Transforming Eqs. (19-21) gives
Ie =
[ Ko [~ Koy~ Koy Pas] W
~ Koy (Klomp + Klomp) K tomp Pas
q>T Kélomp CDT Kélomp (CDT K:ompcbaf + KSS)
_| K é‘omp If 23)
KT K
M =
My [~ My =My ®as]
My || (Ml + M) My Pas
q>T Mcomp CDT Mcomp (CDT Mélomp CDGS + MSS)
_|M é‘omp f‘if (24)
MT M
¢ =
[ comp [ Cgomp _Cgt.)mpcI> ] —‘
_Cgomp (Célomp + Céomp) Cgt.)mpcI>
CDZS Célomp (DZS Cgomp (CDT Cgomp Cbas + Css)
Cgomp C_" (2 5 )
cr C
where the reduced matrices are partitioned using
X, = | % (26)
v Xj

The second transformation is from the reduced DOF in Eq. (22)

using
[‘KU} |:Zva LU ] [‘KI} ' [‘KI} ( )
= , =

where X; has the same dimensionsas X, and where Z,, = — K-1KT
is determined by static reduction of Eq. (23) and the matrix U,, is
determined from the eigenvectors of
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MX, +CX,KX, =0 (28)

The transformation matrix from the new nonbasebandresidual flex-
ibility formulation to the Craig-Bampton form is then

Tcg = Tr[fVTN 29)
where TV = TNTV,

V. Experimentally Based Nonbaseband CMS Method

The new experimentally based nonbaseband CMS method is de-
veloped based on the nonbasebandresidual flexibility method. The
procedure is analogous to that developed for baseband regions in
Refs. 1 and 2. First, the Maclaurin series expansioncoefficients cor-
responding to the residual effects of the omitted modes are deter-
mined using approximate residual functions and an optimization
procedure. Second, the upper and lower computational modes are
calculated by equating the Maclaurin series expansion coefficients
corresponding to the omitted modes to that of the computational
modes. Third, model refinement is conducted to minimize errors in
the representation caused by measurement noise and the optimiza-
tion procedure.

A. Estimation of the Maclaurin Series Expansion Coefficients
Using Approximate Residual Functions

The estimation of the Maclaurin series expansion coefficients
is done using approximate residual functions that are designed to
producestiffness, mass, and damping effectsin the frequencyregion
of interestin exactly the same manner as for the omitted modes. Two
types of approximate residual functions are defined to represent
the two types of exact residual functions that may occur. Then the
parameters correspondingto the approximateresidual functions are
determined using optimization.

Two approximateresidualfunctions are defined based on the pres-
ence or absence of an antiresonance in the frequency region of in-
terest. A type I residualis defined such that no antiresonanceoccurs
in the frequency region of interest, and a type Il residual is defined
such that an antiresonance does occur:

RN  — sgn(k) _ sgn(k) (30)
ULk —mew?) +ico  (k—mw?) +itw
sgn(k sgn(k
R&Vpeu _ gn(k) gn(k) 31)

(k—me?) +ico (k—mo?) +ito
where £ = |k| and m, c, k, i, and ¢ > 0. These approximate resid-
ual functions are the addition or subtraction of two single-degree-
of-freedom (SDOF) oscillators, with one occurring below the fre-
quency region of interest and one above, as shown in Fig. 1. Each
exact residual function is characterized as either type I or type II,
and the correspondingapproximate residual functionis used during
optimization. In either case, there are six independent optimiza-
tion parameters. The parameter k corresponds to the inverse of the
residual flexibility of the omitted high-frequency modes. The para-
meter m corresponds to the absolute value of the inverse of the
residual inertance of the omitted low-frequency modes. These pa-
rameters are usually estimated in the structural modes curve-fitting
process. The remaining parameters are determined using an op-
timization routine that minimizes the squared error between the
measured frequency-responsefunctions and the approximaterepre-
sentations in log-magnitude format as

100 A /108 Hoeas| — 10g] Hypprox |
2 meas approx
o

2
% 32
108] Hoeas| ) o 62

w=w]

where n is the number of measured frequencies in the optimization
region and provided log| Hyeas| 7 0. Generally, the squared error
function will not be sufficiently smooth to use gradient-based opti-
mization methods. Furthermore, local optima may occur; therefore,
either global search methods or a direct mapping of the search space
should be conducted. This is feasible because only a small number
of variables are to be optimized concurrently, and the search space
can be narrowly defined based on the measured residual function.

Table1 Maclaurin series expansion coefficients
for the approximate residual functions

Approximate
residual R{;’pel R{;’pe I
RY) 1/k 1/k
RY —sgn(k)(c/k?) —sgn(k)(c/k?)
RS —sgn(k)[—(m/k?)  —sgn(k)[—(m/k?)
+ (/)] + (/)]
R, —sgn(k)(1/m) sgn(k) (1 /1)
RS sgn(k)(c*/nzzg —sgn(k)(E{rﬁz)
RY —sgn(k)[—(k/m?)  sgn(k)[—(k/m?)
+ (/i) + (& /)]
~ 200
g 100
\4;-,: 0 H H
g -1004 H ‘
A 200 L —tmzmeremeer
10° 3
10° 4
Z 1074 typical frequency
% E ‘ region of interest ’
S 1073
g E N \_d_’/
= 1074 i e
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Fig. 1 Frequency-response functions for R{V pel (—) and R{\;p 11
(----) withk=k=1.4 X10° N/m, m =1.82 kg, ¢ =55.9 Ns/m, k=1.4 X

10% N/m, i = 18.2 kg, and & = 559.0 Ns/m.

If the system is lightly damped, the parameters k, m, k, and m are
relatively uncoupled with respect to ¢ and ¢ and can be determined
independently. This furtherreducesthe numberof optimization vari-
ables needed to be determined concurrently.

The Maclaurin series expansion coefficients are determined by
consideringeach of the SDOF systems constitutingthe approximate
residual functions separately. The SDOF system corresponding to
the high-frequency mode is used to calculate the upper computa-
tionalmodes. The SDOF systemcorrespondingto the low-frequency
mode is used to calculate the lower computational modes. The val-
ues of the Maclaurin series expansion coefficients are determined
directly from the optimized parameters as shown in Table 1.

B. Calculation of the Computational Modes

The high-frequency computational modes are estimated by re-
quiring the second-order Maclaurin series expansion of the high-
frequency computational modes be equal to that of the omitted
high-frequency modes, which is the same method Rubin used in
his procedure ® The second-orderMaclaurin series expansion coef-
ficients corresponding to the active DOF are

R, = R;, +iRj,0 + R{ 0’ 33

where R,, is the residual function matrix correspondingto the omit-
ted high-frequency modes and R , RS , and RE, are the respective
residual flexibility, residual slope, and residual curvature matrices.
Only the second-order Maclaurin series expansion coefficients cor-
responding to the active DOF are made equal (the coefficients cor-
responding to the omitted DOF will not, in general, be equal). This

is done by requiring that
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RF + RS + RC = H + dHCLi)mP

! w L() comp | =0 do 0

0=
2 gu
P B 34

2 dw? |, _,
where HYt, = (K&, +iClo— M o)~ is the frequency-
response function matrix with K comp» Meomp»> and Cgo o being the

stiffness, mass, and damping matr1ces respectwely, corresponding
to the high-frequency computational modes. Thus,

u !
Kcomp [RF ] (35)
u ) -1 ) -1
M, = [RE] (RS, + RS [RL] RS [RE,] (36)
u -1 ) -1
Ceomp = —[Raa] Ra[R.] (37)

The low-frequency computational modes are estimated as fol-
lows. The residual effects of the low-frequency omitted modes are
primarily high-frequency mass effects. The high-frequency behav-
ior corresponding the active DOF can be expressed as

Ru = =R}, (1/&®) +iRS,(1/0") + RI(1/0")  (38)

where R’ is the residual inertance and R® and R¥ are defined
as shown in Table 1. Equation (38) is the same as a Maclaurin
series with s = 1/w as the expansion function and is evaluated as w
approaches infinity (s = 0). The terms proportional to 1 and s can
be shown to be zero. Therefore, the high-frequency behavior of the
low-frequency computational modes can be made equal to that of
the omitted low-frequency modes by requiring that

2y
R 4RO s 4 R = L oo |
aa aa aa 2 ds
s=0
1 d&’H, comp 3 1 d'H, comp
+- ’ st 39
6 ds3 B 24 ds B (39
where H, = (Kl +iClon,s™" — M, s7%)7"is the frequency-
response function matrix with K/ M/ . and C{  being the

stiffness, mass, and damping matrices, respectwely, correspond—
ing to the low-frequency computational modes. Solving in terms
of R!_, R%, and R gives

aa’ ~“aa’

Kl = [RL,] (RE[RLTRG = RENRL] 40

comp

beam 1

f(

SRR

&N

fg

N

M, =[R.]" (41)

comp

-1 -1

Céomp [Réa] Rgz [Réa] (42)
provided R/, is nonsingular.If R/, is singular, then there are fewer
omitted low-frequency modes than there are active DOF. In this
case, the number of lower computational modes must be reduced to
that of the rank of R/ .

C. Model Refinement

Model refinement is usually needed because of errors in the es-
timated Maclaurin series expansion coefficients. First, errors may
cause some of the frequencies corresponding to the computational
modes to occurin the frequencyregion of interest. Because all upper
computational modes should occur above the frequency region of
interest, any that do not can be included using only static effects,
i.e., set the modal mass and damping correspondingto these modes
to zero. Similarly, any lower computational modes that occur in
the frequency region of interest can be included using only inertia
effects, i.e., set the modal stiffness and damping corresponding to
these modes to zero. Second, the damping calculated for the compu-
tational modes generally will be nonproportional,even for propor-
tionally damped systems. This is caused by the optimizationprocess
and measurementerrors. In this case, complex computationalmodes
canbe used; however, the resultingformulationis considerablymore
complicated. An alternativeis to use approximate normal modes by
using the undamped eigenvectors to transform the damping matrix
and then to neglect the off-diagonal terms. Third, once a corrected
model is determined, stiffness, mass, and damping updating may be
performedto furtherimprove the representation. A simple method s
proportional updating, where the matrices correspondingto the up-
per and lower computational modes are multiplied by scalar factors
determined by minimizing the squared error between the measured
frequency-responsefunctions and the approximate representations
using Eq. (32). For the upper computationalmodes, the mass matrix
is usually selected for updating because the low-frequency mass ef-
fects are more difficult to estimate accurately in this case. For the
lower computational modes, the stiffness matrix is usually selected
for updating because the high-frequency stiffness effects are more
difficult to estimate accurately in this case. Damping updating may
be done at the modal level using a number of the computational
modes nearest the frequency region of interest.

VI. Example Problem: Two Coupled Beams
A system of two coupled Bernoulli-Euler beams undergoing

transverse vibrations, shown in Fig. 2, is analyzed to illustrate the
nonbaseband methods. Calculated (error-free) frequency-response

beam 2

X9 X111 X13 X135

s ,L ,LX;L

coupled system

"LL%LX&LXS,T ,L ,L ,L"I,I

11 X133 %15

o \

fg

Fig.2 System of two coupled beams.
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functions are used, and damping is neglected. The length of beam
1is 1.0 m, and the length of beam 2 is 0.8 m. The distance between
DOF pairs for both beams is 0.2 m. Both beams are characterized
by the mass density times area parameter, pa = 100.0 kg/m, and
the elastic modulus times bending moment of inertia parameter,
ei =2.0 x 10° Nm. The frequency region from 1000 to 4000 Hz
is selected as the region of interest. The beams are directly cou-
pled in the translational and rotational DOF at their connection in-
terface: Xg = xg and X9 =x,o. This results in the coupled system
corresponding to a simple fixed-fixed beam. The excitation fy in-
dicates the driving point location for the calculation of the coupled
system’s frequency-response functions, which is used to evaluate
the accuracy of the methods.

The system of coupled beams is approximated by discretizing
the beams at the locations shown in Fig. 2, using Hermite cubic
shape functions, consistent mass matrices, and zero damping.” The
exact solution of the discretized system is determined using modal
analysis. The nonbaseband CMS methods will be conducted using
reduced representationsof beam 2. The results will be compared to
the exact solution of the discretized system.

A. Nonbaseband Constraint Modes CMS Method

The system of two coupled beams was first analyzed using the
nonbaseband constraint modes CMS method presented in Sec. II.
Displacements x9 and x;, were selected as the active DOF with
the remaining displacements x|, -x;¢ as the omitted DOF. The con-
straint modes were calculated at frequencies w; = 1000(27) rad/s
and w, =4000(27) rad/s, which correspondto the lower and upper
boundsof the frequencyregion of interest. Free boundary conditions
were applied to the active DOF for the calculation of the vibrational
modes as required. One vibrationalmode occurred in the frequency
region of interest and was included in the CMS representation. The
transformation matrix was calculated from Eq. (6), and the reduced
substructure matrices were determined. This results in a five-DOF
representation for beam 2. The reduced matrices were assembled
into the global system matrices. Then the eigenvalues and eigen-
vectors of these matrices were determined. The predicted driving
point frequency-responsefunction at point 9 and the exact solution
are shown in Fig. 3. The coupled results using the nonbaseband
constraintsmodes CMS method are seen to be virtually exact in the
frequency region of interest.

B. Nonbaseband Residual Flexibility CMS Method

The nonbasebandresidual flexibility CMS method was conducted
on the system of two coupledbeams. All of the vibrationalmodes of
beam 2 were calculated using free boundary conditions applied to

200
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10”

AT S V11| B W]
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Lol gl s ool 1ol

T T T T T
1000 1500 2000 2500 3000 3500 4000
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Fig. 3 Driving point frequency-response function at point 9 for the

exact solution of the discretized system (——) and the nonbaseband
analytical CMS constraint modes method (- - --).
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Fig. 4 Driving point frequency-response function at point 9 for the
exact solution of the discretized system (——) and the nonbaseband
analytical CMS residual flexibility method (- - - -).

the active DOF. Then, the modal frequenciesand modal vectors were
partitioned as shown in Eqs. (10) and (11). This results in two low-
frequency omitted modes, five high-frequency omitted modes, and
one mode occurringin the frequencyregion of interest. The residual
flexibility of the high-frequency omitted modes and the residual
inertance of the low-frequency omitted modes are calculated from
Eqgs. (12) and (13). The transformation matrix is determined from
Eq. (18). The reduced substructure matrices are determined and
then transformed to the Craig-Bampton form using the two-stage
transformation. These matrices are assembled into global matrices,
and the eigenvaluesand eigenvectorsare determined. The predicted
driving point frequency-response function at point 9 and the exact
solution are shown in Fig. 4. The coupled results in this case are
almost exact, except for the frequency of the fourth mode, which is
predicted 2% high (4019 vs 3950 Hz).

C. Experimentally Based Nonbaseband CMS Method Using
Residual Flexibility and Residual Inertance Matrices Only

The experimentally based nonbaseband CMS method was con-
ducted using only the residual flexibility of the high-frequencyomit-
ted modes and the residual inertance of the low-frequency omitted
modes. This was done to show that the nonbaseband method can
be applied using data available from existing modal analysis pro-
grams. Most existing modal analysis programs allow for the use of
residual flexibilities and residual inertances in the curve-fitting pro-
cess. Using the nonbaseband experimentally based CMS method,
these curve fits can be represented exactly in matrix form, pro-
vided the necessary driving point frequency-responsefunctions are
measured. In this case, RS, = RS, = R% =R =0, and as a con-
sequence, M, ~=Clk =K —=C. =0 The nonbaseband
residual flexibility method, however, is unchanged.

The exactresidualflexibility of the high-frequencyomitted modes
and the exactresidual inertance of the low-frequency omitted modes
were used. The predicteddriving point frequency-responsefunction
at point 9 and the exact solution are shown in Fig. 5. The coupled
results in this case are reasonably good, except for the frequencies
of some of the modes. The errors in these frequencies, however,
are only —4% (1345 vs 1394 Hz), 3% (3018 vs 2942 Hz), and 11%
(4393 vs 3950 Hz) for the first, third, and fourth modes, respectively.
This method does not require the optimization of any approximate
residual functions and, thus, needs minimal effort. However, the
tradeoft is reduced accuracy.

D. Experimentally Based Nonbaseband CMS Method Using
Approximate Residual Functions and Model Refinement

The experimentally based nonbaseband CMS method was con-
ducted using approximateresidual functions and model refinement.
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Fig. 5 Driving point frequency-response function at point 9 for the
exact solution of the discretized system (——) and the nonbaseband

experimentally based CMS method using exact residual flexibility and
inertance matrices only (----).
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Fig. 6 Driving point frequency-response function at point 9 for the
exact solution of the discretized system (——) and the nonbaseband ex-
perimentally based CMS method using approximate residual functions
and model refinement (- - - -).

The exact residual flexibility of the upper omitted modes and the
exact residual inertance of the lower omitted modes were used. Be-
cause damping is neglected, c =c¢ = 0. The two remaining param-
eters m and k were determined using the optimization procedure.
Optimization was conducted, and the resulting residual matrices
were calculated according to Table 1. The computational modes
were determined and were put into the nonbaseband residual flexi-
bility form. Then, the frequency-responsefunctions corresponding
to beam 2 were evaluatedby comparing the exactresults to those de-
termined fromthe CMS representation. The low-frequencybehavior
was accuratelyrepresented,and so no updating of the low-frequency
computational modes was required. The high-frequency behavior
was not as accurately represented; therefore, the high-frequency
computationalmodes were mass updated. Proportional mass updat-
ing was used as described in Sec. V.C. The updated representation
was transformed to the Craig-Bampton form and assembledinto the
global system matrices. Then the eigenvalues and eigenvectors are
determined. The predicted driving point frequency-response func-
tionatpoint9 and the exactsolutionare shownin Fig. 6. The coupled

results using approximate residual functions and model refinement
are seen to be highly accurate in the frequency region of interest.

VII. Conclusion

Three new component mode synthesis methods were developed
for application to proportionally damped systems and nonbaseband
frequency regions of interest. The methods utilize a modified dy-
namic reduction method that produces constraintmodes at the upper
and lower frequency limits of the region of interest. Two analytical
methods were presented. The first is based on the Craig-Bampton
constraintmodes method. This method can be implemented directly
in commercial FEA programs and will allow accurate CMS repre-
sentations to be determined for specific frequency regions of inter-
est. The second analytical method uses a residual flexibility formu-
lation and is the basis for the new experimentally based method.
The experimentally based method uses a Maclaurin series expan-
sion to represent the residual effects of the omitted modes. Both
low-frequency and high-frequency computational modes are pro-
duced. The low-frequency computationalmodes compensate for the
omitted low-frequency modes. The high-frequency computational
modes compensatefor the omitted high-frequencymodes. Excellent
results were obtained for the analytical simulation of a system of two
coupled beams. The reduced substructure matrices are of the same
formas those in the Craig-Bampton constraintmodes CMS method.
Thus, they can be inputdirectly into commercial FEA analysis pro-
grams for substructure coupling analysis and for forced response
prediction using the method of Morgan et al.'® The experimental
implementation may be done using the residual flexibility and in-
ertance matrices only, as calculated from existing modal analysis
programs, or using approximate residual functions as presented. If
approximate residual functions are used, optimization must be per-
formed to determinethe parametervalues. Further effortis neededto
streamline this optimization process, especially in the cases where
there are three or more optimization parameters. Also, damping ef-
fectsare usuallydifficultto accuratelyestimate. Alternativemethods
for their determination may be required. Finally, rotational DOF, in
general, will need to be measured and excited to obtain accurate
test-derived models. Therefore, both rotational accelerometers and
torsional excitation devices will need to be developed.
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